The Hungarian Method

Solve this problem

A manufacturer has four machines named Roger. Dave. Rick and Nick and has four different jobs that need to achieved by the machines. Each machine takes a period of time before it can complete the job. Below is the table representing the amount of time required to set up each machine. What is the least amount of time required to set up all the machines.

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	23 hours
	20 hours
	27 hours
	30 hours

	Dave
	22 hours
	20 hours
	27 hours
	30 hours

	Rick
	22 hours
	18 hours
	27 hours
	15 hours

	Nick
	27 hours
	13 hours
	26 hours
	12 hours


Using general heuristics we could pick the smallest amount of time first

Nick
->
Job 4
->
12 hours

Rick
->
Job 2
->
18 hours

Dave
->
Job 1
->
22 hours

Roger
->
Job 3
->
27 hours

Total



79 hours

But this does not guarantee the correct solution so we could look at the amount of difference between the choices.

Nick 
->
 Job 4
->
12 hours

Rick
->
 Job 2 
->
18 hours

Total



30 hours

Nick
->
Job 2
->
15 hours

Rick
->
Job 4
->
13 hours

Total



28 hours

Dave
->
Job 1
->
22 hours

Roger
->
Job 3
->
27 hours

Total



49 hours

Dave
->
Job 3
->
27 hours

Roger
->
Job 1
->
23 hours

Total



50 hours

Nick
->
Job 2
->
15 hours

Rick
->
Job 4
->
13 hours

Dave
->
Job 1
->
22 hours

Roger
->
Job 3
->
27 hours

Total



77 hours

We could investigate other differences but this is the optimal solution so I will not bother, however how do we know this is the optimal solution, the only way we could know is to try every combination of job to machine. In this case this is not a problem but what if I had a 1000 machines and a 1000 jobs then we are looking at a big problem that we would take ages to solve and we to guarantee the solution we have to exhaust all possibilities.  However help is at hand, this problem is a very well known problem and has a method that will guarantee the optimal solution, “The Hungarian Method”.

Firstly the problem we are looking at is known as the assignment problem because we are assigning1 machine to one job. These problems are always balanced, meaning we have n jobs and n machines, if we have n-1 machines or n-1 jobs then we just add a job or machine with a cost of 0. 

Now we can begin:

1. First we make a grid of (cost / hours) of machine Job

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	23
	20
	27
	30

	Dave
	22
	20
	27
	30

	Rick
	22
	18
	27
	15

	Nick
	27
	13
	26
	12


2. Find and subtract the lowest value in each row and subtract it so we have a zero in every row

	Machine
	Job 1
	Job 2
	Job 3
	Job 4
	

	Roger
	3
	0
	7
	10
	20

	Dave
	2
	0
	7
	10
	20

	Rick
	7
	3
	12
	0
	15

	Nick
	15
	1
	14
	0
	12


3. Find and subtract the lowest value in each column so we have a zero in every column

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	1
	0
	0
	10

	Dave
	0
	0
	0
	10

	Rick
	5
	3
	5
	0

	Nick
	13
	1
	7
	0

	
	2
	0
	7
	0


4. Find the minimal number of lines that covers all the zeros

a. Circle or mark all 0’s that are the only zero in the row or the column
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b. If the circle is in a row with just one zero in it then put a line through the column and if the circle is in a column with just one zero in it then put a line through the row.
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c. If there are still 0’s that are not covered by a line then repeat from step (a). This time circle a zero if it is the only zero uncovered in the row or column
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5. We now count the number of lines; if the number of lines is less than the number of machines/ jobs then we need to continue because there is not an optimal solution available. In this case we are looking for four lines but there are only three.

6. Subtract the lowest number that is uncovered from the rest of the uncovered numbers, in this case that will be 1 and add it to all the numbers that are covered by two lines. This will give us a new grid to work with and also a new zero.

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	1
	0
	0
	11

	Dave
	0
	0
	0
	11

	Rick
	4
	2
	4
	0

	Nick
	12
	0
	6
	0


By doing this we are able to open up a new solution by exposing a new zero and we are discouraging expensive solutions by adding to there values. 


7. We now try and find the minimal number of lines that cover all the 0’s in this new grid by following step 4 again.
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8. This time when we count all the lines we see that we have four lines and as there are four machines / jobs this means an optimal solution exists. Now all we need to do is extract that solution.

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	
	0
	0
	

	Dave
	0
	0
	0
	

	Rick
	
	
	
	0

	Nick
	
	0
	
	0


a. As we can see Job 1 can only be done by Dave

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	X
	0
	0
	

	Dave
	=
	X
	X
	X

	Rick
	X
	
	
	0

	Nick
	X
	0
	
	0


b. Job 3 can only be done by Roger now

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	X
	X
	=
	X

	Dave
	=
	X
	X
	X

	Rick
	X
	
	X
	0

	Nick
	X
	0
	X
	0


c. Job 2 can only be done by Nick

	Machine
	Job 1
	Job 2
	Job 3
	Job 4

	Roger
	X
	X
	=
	X

	Dave
	=
	X
	X
	X

	Rick
	X
	X
	X
	0

	Nick
	X
	=
	X
	X


d. Leaving Job 4 to be done by Rick.

9. Matching this assignment to the original values we had we get the following

Dave 
->
Job 1
->
22 hours

Roger 
->
Job 3
->
27 hours

Nick
->
Job 2
->
13 hours

Rick
->
Job 4
->
15 hours

Total



77 hours

Problem 

Using the Hungarian method please solve the following problem:

Five employees are available to perform four jobs. The time it takes each person to perform each job is given in the table below. Determine the assignment of employees to jobs that minimizes the total time required to perform the four jobs. Where there is a dash then it means that the person is not allowed to complete the job
	
	Job 1
	Job 2
	Job 3
	Job 4

	Declan
	22 hours
	18 hours
	30 hours
	18 hours

	Alison
	18 hours
	-
	27 hours
	22 hours

	Mick
	26 hours
	20 hours
	28 hours
	28 hours

	Nick
	16 hours
	22 hours
	-
	14 hours

	Cath
	21 hours
	-
	25 hours
	28 hours


(hint: you need to add a dummy job that takes no time to complete and ignore the dashes)

	Paul R.J. Morris-Munro                                                                            www.bright-yellow.co.uk
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